




    

The Minimal Energies of Trees with a Given
Maximum Degree
  
 !"# $%& '( ) " *# + , - ./01234#
2007 5 5 6/0789:#









































































. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii
ñîïð
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
òóô õö
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
ò÷ô øùúûüýþýÿ 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
§2.1  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
§2.2 	
 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .11
î
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .18
















Abstract (in Chinese) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii
Abstract (in English) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
Chapter  Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
Chapter  Minimal gengrgies of trees with a given maximum degree
Section  Preliminary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Section  Main results and proofs . . . . . . . . . . . . . . . . . . . . . . . . . .11
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .18





















hwx$y$z{ET ∆n cd nhwx|}t~* ∆$y$z{3W
[21]
XE24(pE 3 ≤ ∆(T ) ≤ n − 2 E T ∆n XH6t%&$yE|4(pE dn+1
3
e ≤ ∆(T ) ≤ n − 2 E T ∆n XH6u%&$y3?RSpH n hwxE}t~* ∆ $y$6u%&>3m
T ∆n
X$y8H?$yErH?h ∆− $yE8y$}t~EAZ8$#$%&uEOP ¡#$efg[g9¢£]4(pE dn+2
4
e ≤ ∆(T ) ≤ dn+1
3
e − 1, dn+i+1
i+3
e ≤ ∆(T ) ≤ dn+i
i+2
e − 2 (i = 1, 2, 3, · · · ),2
∆(T ) = dn+i
i+2

















The energy of a graph is defined as the sum of absolute values of
its eigenvalues. To find the extremal energies of a class of graphs or
to give an order of graphs with respect to energy is one of the most
important topics in Chemical Graph Theory. From the definition of
energy, energy of of a graph can be obtained from the spectrum of the
graph. On the other hand, for acyclic graphs, the energy of a graph
can be expressed as a monotomically increasing function of mathing
numbers of the graph, which provides us another way of studing en-
ergy, specially ordering graphs with respect to energy.
In [21], W. Lin and X. Guo determined the trees in T ∆n with
maximal energy for 3 ≤ ∆ ≤ n − 2, and the tree in T ∆n with minimal
energy for dn+13 e ≤ ∆(T ) ≤ n − 2.
In this paper, we determine the trees in T ∆n with minimal en-
ergy for dn+2
4
e ≤ ∆(T ) ≤ dn+1
3
e − 1, dn+i+1
i+3
e ≤ ∆(T ) ≤ dn+i
i+2
e − 2
(i = 1, 2, 3, · · · ), ∆(T ) = dn+i
i+2
e − 1 and n ≡ 1 or 2 (mod (i + 2))
(i = 1, 2, 3, · · · ).
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3T¢/NH$ðñòó8{ôBõtägöòó8{ôQ÷ø7










































efgE m(G, 0) = 1 3RSy$%&A[`ÌÍµ¹$·%
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man [14]  1977 
JX%):Qª  (J*º6º%
)
5jX T1  T2 [J
T1  T2 ⇔ m(T1, k) ≥ m(T2, k), k = 0, 1, · · · , bn2 c.
 
T1  T2 ¡¢,Q j £Ç m(T1, j) > m(T2, j) [¤¥ T1  T2 5[¦Ç
T1  T2 ⇒ E(T1) ≥ E(T2),





5 [14] [Gutman TQydµ";­®ð¯%¡%XU%§°
Pl  P2 ∪ Pl−2  P4 ∪ Pl−4  · · ·  P2k ∪ Pl−2k  P2k+1 ∪ Pl−2k−1 
P2k−1 ∪ Pl−2k+1  · · ·  P3 ∪ Pl−3  P1 ∪ Pl−1, l = 4k + r, 0 ≤ r ≤ 3.
±[ Gutman à¾TJ²8r%{GQ­¯[¡¢T«w³J²8r%{°




 [15 [ 16] [ Gutman ´µHpqQoXU%§[¡ÇT{%¶o8r%§¹5
·¸¹º»YZ|}{%¼¼8r½¾5 [18] [ßÇTJ n ¿À%YZ|}{
(Φn)
JÁQÁ8r%{µÂG Fn  Bn ÃÁÄ%8r{G
















1: Xn, Yn, Zn, Wn, n = 9































b(G, 0) = 1
5´µHÛ [22] ÇTn0%¬»°































G  G′ Ý¢ýÝ b0−b′0 = 0 (−1)i(bi−b′i) ≥ 0, i = 1, 2, · · · bn/2cÃ
G  G′ Ý¢ýÝ, i ∈ {1, 2, · · · , bn/2c} £Ç b0 − b′0 > 0 5ÞÒnÐÓÔ[́ µHÛ [22,23] º»ßà7J²²8r%X5ÇT%¬»G°áWJ nßàì%âÀßà78r²[Zigzag WJ nßàì%W8r²5ãäåÛ [24] s)áæçè; d %{[8r²%G





















c ≤ ∆ ≤ n − 2 ý[¤ T ∆n 8r²%{G S(n, n−∆− 1, 2∆−




e ≤ ∆ ≤ n − 2 ý[¤ T ∆n 8r²%{G D(n, ∆− 1, n−∆− 1) ÃÝ dn+1
3
e ≤ ∆ ≤ dn
2
e − 1 ý[¤ T ∆n 8r²%{G T 2∆−1,∆−1,n−2∆−1 5þªÿ»±Ò§%ÓÔmª Ô¬»°
























2. ø (a) n ≡ 0 (mod3) [ dn+2
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n ≡ 1 or 2 (mod (i + 2))
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5: S(n, m, r), Y (n, m, r), D(n, p, q)
X






















Tn :; n <=>?@A+T ∆n :; n <=>BCDE$ ∆ ?@A89
u, v
$F
G G<>+ G(u, v)(a, b) :;H u >IJ a KLMN+H v >I
J b KLMNOPF8øQF G − u 5 G − v RS+TUF G G<> u V vWXY8Z[\<úû+,-]^_`)ø8ab
2.1.1 [21] ,-UcF G1 = G(u, v)(a, b) P G(u, v)(a− 1, b+1)de+$F
G1  β− de+ùf u, v $F G G<XY>+ 1 ≤ a ≤ b 8ab
2.1.2 [30]
9
T ∈ T n + n ≥ 3 8 e = uv $ T 1KgLMN+ T1 + T2$
T − e G<hi+ u ∈ T1 + v ∈ T2 + T0 j T klmGndeOP8
(1) opN e = uv (qr u, v G>IAH1s) 8
(2) H u = (v) IJ1KLMN8
lt (1) + (2) U$ T Nuvde (w$ e.g.t) 8ax
2.1.1[15]
9F
G G<> u y v WXY+T
G(u, v)(0, n) ≺ G(u, v)(1, n − 1) ≺ · · · ≺ G(u, v)(bn/2c, n − bn/2c).
ax


















T ∈ T n + n ≥ 3 B T ]1KgLMN+ T kl1n
e.g.t {|} T0 +T T  T0,E(T ) > E(T ) 8ax
2.1.4[15]  e = uv W G 1KN+T k ≥ 1 +




T ∈ T n + n ≥ 7 8 dn2 e ≤ ∆(T ) ≤ n − 2 +T
T  D(n, ∆ − 1, n − ∆ − 1) + E(T )  E(D(n, ∆ − 1, n − ∆ − 1)) +X}B T ∼= D(n, ∆ − 1, n − ∆ − 1) 8 dn+13 e ≤ ∆(T ) ≤ dn2 e − 1 +T






Ts,t + s, t ≥ 1 W Tn f1? (F 8) 8
(i)  s ≥ t +T Ts,t  Ts+1,t−1 




m′(T0, i) :; T0 f1KNy w  i  m′′(T0, i) :;
T0
















m′′(T0, i)×m(D(s + t + 3, s + 1, t), k − i) (2)
m(Tt,s , k) =
k∑
i=1


























m′′(T0, i)×m(D(s + t + 3, t + 1, s), k − i) (4)
(i)  s ≥ t +j37 2.1.1 ]+
D(s + t + 2, s, t)  D(s + t + 2, s + 1, t − 1),
D(s + t + 3, s, t + 1)  D(s + t + 3, s + 1, t)
 j¡Q (1), (2)]+m(Ts,t, k) ≥ m(Ts+1,t−1, k) +B¢H1< j £O m(Ts,t, j) >
m(Ts+1,t−1, j) +q] Ts,t  Ts+1,t−1 8
(ii)  s < t, j37 2.1.1 ]+
D(s + t + 3, t, s + 1)  D(s + t + 3, s, t + 1),
D(s + t + 2, s, t)  D(s + t + 2, t + 1, s − 1).
¤¥PD(s+t+2, t, s) = D(s + t + 2, s, t), D(s+t+3, s, t+1) = D(s + t + 3, t + 1, s).
j¡Q (1), (3), (4) ]+ m(Tt,s, k) ≥ m(Ts,t, k) ≥ m(Tt+1,s−1), k +B¢H j1, j2 £O
m(Tt,s, j1) > m(Ts,t, j1) + m(Ts,t, j2) > m(Tt+1,s−1, j2) 8





f1?+ n > ∆ + 2 8 T f]1<=> w +] dT (w) =
∆(T ) = ∆ +B w  ∆− 1 <¦§>W T fLM>+1<¦§> u W T f
gLM>+TH T fj NT (w) ∪ {w} ¨0©U$1<LM ∆− ©8 w U$LM
∆−























²³1<LM ∆− ©8¹º+ n ≥ 2∆ + 1 +T T ´µ{d} T ∆n f1
? T ∗ + T ∗ ·¸ T ∗ ≺ T +B T ∗ ²³G<fª±¦§LM ∆− ©8 9
T
»¼$
d 8½$ n ≥ ∆ + 1 +¾µ d ≥ 3 8
 d = 3 +T T RS[ D(n, p, q), ¿f p, q ≤ ∆ − 1. ÀÁ T ±²³LM ∆− ©+TÂl β− d|+ T Ã{|} D(n, ∆ − 1, n − ∆ − 1) +¿f
D(n, ∆ − 1, n − ∆ − 1)
²³1<LM ∆− ©+ D(n, ∆ − 1, n − ∆ − 1) ≺ T 8
¾µ,-Ä9 d ≥ 4 89
P = v0v1v2 · · · vd
W
T
1KCvÅ+ P ≥ 4 8 T1, T2 W T − v2v3 G<h
i+ v2, v3 hÆ²³H T1, T2 f89
A = {v | d(v2, v) = 2, v ∈ V (T1)} 8T A fÇ<>W T fL>+ÈTH
T ]1KÅvED[ d +ÉÊ8
 |A| ≥ ∆ − 1 + NT (A) f>kl1z^ β− de+ T Ã{|}1?
T ∗ +¿f T ∗ ²³1<LM ∆− ©+ T ∗ ≺ T 8
 |A| ≤ ∆ − 2+ NT (A) f>kl1z^ β−de+T Ã{|}? Ts,t(F
8) + Ts,t ≺ T 8 s + t ≥ ∆ − 1| +j37 2.6 ] Ts,t  T∆−1,|A1|+|A2−∆+1 = T ∗ s + t ≤ ∆ − 2 +N v1v2 ËÌ e.g.t d|+ Ts,t d|} T ′ +] e.g.t d|`
T ′ ≺ Ts,t 8
ÁÍ,-H T ′ fÎ1KCvÅ P ′ +ÏÐJmlt8¤¥
dia(T ′) ≤ dia(T )+dT ′(v1) = dT (v1)+dT (v2)−1 > max{dT (v1), dT (v2)}.
¾µJmltkl]ÑnÍÃÒÓÔ8T T ÃÒ{|} T ∆n f1? T ∗ +¶
B T ∗ T ∗ ²³1<LM ∆− ©+ T ∗ ≺ T 8ÕH,-9 T ∈ T ∆n +B T f]B]1<LM ∆− ©+¿fª$ w +«¬>$




2, · · · , T ′t
W
T − u
±²³ w hi+ ui ∈ V (T ′i ) Wy u ¦§>+
i = 1, 2, · · · , t.
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